The structural property of a poly(dG-dC) or poly(dA-dT ) nucleotide is investigated. At low force and room temperatures, the polymer takes on compact hairpin structures. An abrupt transition from hairpin to random coil occurs at certain critical forces, its high cooperativity is related to the unfavorable formation of hairpin and other kinds of looped structures. It is hence necessary to consider the enthalpic effects of single-stranded loops in realistic models of RNA folding. A possible new way to obtain the statistical weights of elementary nucleotide arrangements is by single-macromolecular mechanical measurements on specifically designed polynucleotides. DOI: 10.1103/PhysRevLett.86.356 PACS numbers: 87.15.By, 05.50.+q, 64.60.Cn, 87.10.+e The issues of protein and RNA folding [1] [2] [3] [4] and DNA configurational transitions [5] [6] [7] [8] [9] are of current theoretical interest, and hairpin structures consisting of two paired strands with a single-stranded loop in between are crucial for the understanding of protein and RNA secondary structure formation. Recent models, which focused mainly on a qualitative discussion of the possibility of thermal phase transitions in protein [10] and RNA secondary structures [2] [3] [4] , have emphasized the "base-pairing" interactions in protein or RNA but have more or less avoided considering the possible effects of single-stranded loops. Continuous or glassy phase transitions were predicted based on these models, indicating that in the vicinity of the transition temperature the structure of the polymer is not dominated by a single native state [3, 4] .
The issues of protein and RNA folding [1] [2] [3] [4] and DNA configurational transitions [5] [6] [7] [8] [9] are of current theoretical interest, and hairpin structures consisting of two paired strands with a single-stranded loop in between are crucial for the understanding of protein and RNA secondary structure formation. Recent models, which focused mainly on a qualitative discussion of the possibility of thermal phase transitions in protein [10] and RNA secondary structures [2] [3] [4] , have emphasized the "base-pairing" interactions in protein or RNA but have more or less avoided considering the possible effects of single-stranded loops. Continuous or glassy phase transitions were predicted based on these models, indicating that in the vicinity of the transition temperature the structure of the polymer is not dominated by a single native state [3, 4] .
Recently, experimental data have been accumulated through single-macromolecule manipulation methods, and it appears that the stretch-induced structural transitions in biopolymers are radically different from those caused by heating. For example, a recent work performed by Rief and co-workers [11] showed that designed single-stranded DNA (ssDNA) chain made of poly(dG-dC) or poly(dAdT ) sequence experiences an abrupt transition from compact configurations to random coil upon the action of an external force, just like unzipping a single double-stranded DNA (dsDNA) by pulling its two strands apart [12] . It seems to be difficult for one to explain this experimental observation based on the models of Refs. [2] [3] [4] 10] : Since any one segment in the designed ssDNA is complementary to any other segment in it, one would have expected that a great many looped structures would be formed in a long ssDNA to maximize conformational entropy; and these loops would then disappear gradually upon stretching, resulting in a smooth structural transition process.
To understand such stretch-induced transitions, we noticed that the above-mentioned experiment was performed at 25 ± C, much less than the DNA melting temperature T m , which is beyond 70 ± C [13] . References [2] [3] [4] and [10] discussed the behavior of designed biopolymers as the temperature approaches T m , where the energy penalty for the formation of hairpin and other kinds of loops (enthalpic effects) is only of minor importance and the property of the polymer system is determined by conformational entropy. However, DNA/RNA structural transitions occur at physiological conditions in living organisms; during such and the stretch-induced "melting" processes at low temperatures, it may be possible that enthalpic effects turn to be dominant. In other words, heat-and stretch-induced structural transitions may be governed by different aspects of the intrinsic thermodynamic properties of polynucleotide chains [14] . We have studied the elasticity of designed ssDNA based on this insight, with the enthalpic effects of DNA hairpin, bulge, and interior loops all being quantitatively taken into account [15, 16] . As was consistent with the experiment of Reif et al. [11] , the analytical calculations naturally demonstrated the occurrence of a highly cooperative transition between hairpin and stretched random coil configuration. The estimated free energy for unzipping one G-C or A-T base pair based on parameters determined by bulk methods [15, 16] were in reasonable agreement with those estimated by mechanical measurement of Bockelmann et al. [17] .
In a ssDNA chain made of tandem repeats of (dG-dC) or (dA-dT ) dinucleotide, because hydrogen bonds can be formed between the complementary bases G and C (and A and T ), each nucleotide (monomer) can be either unpaired or paired by another monomer to form a base pair. Thus, each monomer belongs either to the single-stranded coiled segment or to the base-paired hairpin segment (Fig. 1a) . A coiled segment is just a linear sequence of monomers which are all unpaired, while each hairpin segment can be further divided into a loop region and a stem region (Figs. 1a and 1b). At low temperatures, the formation of multiloops and, hence, of branched structures is extremely difficult according to previous investigations [18] , and we neglect such a possibility by assuming that each hairpin region contains only one hairpin loop [19] . The stem region is stabilized by hydrogen bonds between complementary bases and vertical stacking interactions between adjacent base pairs. It is possible for the appearance of bulge and interior loops in the stem (see Fig. 1b ), since there may be a length mismatch in the two strands of the stem. To speak briefly, we model a ssDNA self-complementary polymer as a linear sequence with coiled and hairpin segments.
To obtain the statistical property of such a model system under the action of a constant stretching force f requires the calculation of the free energy expression. We first obtain the statistical weight for a hairpin segment of ͑2l 1 2m͒ monomers, with 2l ͑l 2, 3, . . .͒ monomers forming a hairpin loop and 2m ͑m 1, 2, . . .͒ monomers in the stem region. The statistical weight for a hairpin loop of 2l monomers is denoted as g͑2l͒ and that for a bulge or interior loop with r and s unpaired bases in the two strands is denoted as l͑r, s͒. The cases of r . 0 and s . 0 correspond to interior loops, and those of r ͑or s͒ 0 to bulge loops; l͑0, 0͒ 1. Based on Fig. 1b , the total statistical weight is calculated to be
where k P n21 i1 ͓1 2 d͑r i ͔͒ ͓1 2 d͑s i ͔͒. In Eq. (1), t and t mean, respectively, the statistical weight for the formation of a base pair and that for the stacking interaction between two base pairs. Because of the stretching, the hairpin segment as a whole might align along the force direction. Assuming the two ends of a hairpin are separated by a fixed distance b (see Fig. 1b ), the statistical weight for this alignment effect, m͑ f͒ in Eq. (1), is m͑ f͒ sinh͑bfb͒͞bfb, with b 1͞k B T and T (the temperature) being set to 25 ± C. We set b 1.0 nm (about the distance between two C 1 0 atoms in a DNA base pair [20] ).
The discrete Laplace transform of Z hp is
where
22l , and U inter Pl 1 ͑2l 2 1͒l inter ͑2l͒x 221 are defined, respectively, as the Laplace transforms of the statistical weight for hairpin, bulge, and interior loops. Here we have assumed that the statistical weight for the interior loop is related only with the sum of the number of unpaired bases in the two strands, i.e., l inter ͑r, s͒ ϵ l inter ͑r 1 s͒.
The partition function for a coiled segment of n monomers can be obtained based on the observation that the ssDNA segment can be modeled as a wormlike chain of bending persistence length ᐉ p 0.75 nm and total contour length L na [21] , with a being the monomer length. If the nucleotide sugar puckering mode in ssDNA is in C 3 0 -endo (the same as that in dsDNA), then a 0.6 nm, and if in C 2 0 -endo, then a 0.7 nm [13] ; actually the sugar puckering mode may rapidly changing between C 3 0 -endo and C 2 0 -endo [13] . The force-related free energy density g coil for a wormlike chain is evaluated variationally by the following equation [22] 
with B͑x͒ ≠ x L ͑x͒ 1͞x 2 2 1͞ sinh 2 x. In ssDNA sequences, there is still weak vertical stacking interactions of the order of thermal energy k B T between adjacent bases [13, 23] , and the total free energy of each nucleotide monomer in the coiled state should be g 0 1 ag coil , with g 0 taking account of such stacking interactions. The Laplace transform for the partition function Z coil ͑i͒ of the coil state is U coil Pì 1 Z coil ͑i͒x 2i n͑͞x 2 n͒, with n exp͓2b͑g 0 1 ag coil ͔͒.
Denote the total statistical weight for a poly(dG-dC) or poly(dA-dT ) chain of N monomers as Z͑N͒; then based on Fig. 1a its Laplace transform is obtained through a lengthy but straightforward calculation to be
For a linear polymer composed of a large number of monomers (N ¿ 1), the total free energy should be an extensive quantity proportional to N, i.e., G͑ f͒ 2Nk B T lnx 1 , with x 1 independent of N. Thus, we should expect that the total partition function be expressed asymptotically as Z͑N͒ exp͑2bG͒ Ӎ x N 1 . Consequently, Eq. (4) indicates that x 1 is the largest solution of the equation U coil ͑x͒U hp ͑x͒ 1 [24] , i.e.,
Once x 1 has been obtained by Eq. (5), the thermodynamic property of ssDNA can then be studied based on the corresponding free energy expression. Since n (.1) is a monotonically increasing function of external force f, Eq. (5) indicates that when f is small, DNA monomers stay mainly in the hairpin state, with x 1 ϳ p tt͑1 1 2U bulge 1 U inter ͞tt͒; while when f becomes very large, the monomers reside mainly in the stretched coil state with x 1 ϳ n. The equation
determines the characteristic force f c where transition from hairpin to coil takes place. Nevertheless, the degree of cooperation of this transition is determined by the right-hand side of Eq. (5), mnU hploop . If mnU hploop is always very small in the relevant range of x $ p tt, then the transition from hairpin to coil will occur over an extremely narrow force range around f c and the transition can be regarded as abrupt; in the reverse case, however, this hairpin-coil transition will be gradual and smooth. U hploop is related to hairpin-loop formation in ssDNA. If it is small, formation of a hairpin loop is then quite unfavorable; consequently, each hairpin state has a very long stem region and the ssDNA is composed of only a few hairpins. Therefore, the transition from hairpin to coil state is essentially an all-or-none process, like separating the two strands of a dsDNA apart [12] . But if U hploop is relatively large, then to gain as much entropy as possible, ssDNA will be composed of many hairpins each of which has a short stem region; and when external force is increased from zero, the formed various hairpins disappear one by one and hence a continuous transition process occurs. poly(dG-dC) [the case of poly(dA-dT ) is similar]. We find that it is in the order of 10 28 , indeed very small. Therefore the hairpin-coil transition is anticipated to be highly cooperative. We find that U bulge and U inter ͞tt are also very small (of the order of 10 25 and 10 28 , respectively), indicating that bulge and interior loop rarely appear in hairpin stem. In the calculation, the experimental data obtained by Tinoco, Jr. et al. [15, 16] for the statistical weight of a hairpin, a bulge, and an interior loop of 2l bases as well as that of the addition of a base pair to a double-stranded region are used without any adjustment. After averaging over two possible stacking manners, k B T ln͑tt͒ is set to 6.93k B T for poly(dG-dC) and to 3.04k B T for poly(dA-dT ), and the values for l bulge ͑2l͒, l inter ͑2l͒, and g͑2l͒ are listed in Table I .
Based on these observations, we can know from Eq. (5) that x 1 p tt for f , f c and x 1 n for f $ f c and, hence, the total free energy G͑ f͒ equals 2͑N͞2͒k B T 3 ln͑tt͒ for f , f c and Nk B T ͑g 0 1 ag coil ͒ for f $ f c . Consequently, the relative extension z of a ssDNA (compared with its total contour length) is z 0 when f , f c and then abruptly changes to a nonzero value at the critical force f c and increases with f according to z L ͑h͒, where h is determined by Eq. (3) as mentioned previously. Thus, the theoretical calculation predicts the same cooperative behavior as that observed by Reif et al. (see Figs. 3b and 3c of Ref. [11] ).
According to the measurements of Ref. [11] , f c 20 piconewtons (pN) for poly(dG-dC) and 9 pN for poly(dA-dT ). Based on these values of f c , we estimate the stacking free energy for two adjacent bases to be g 0 2͑1.61 1.87͒k B T in coiled poly(dG-dC) and 2͑0.94 1.02͒k B T in coiled poly(dA-dT ). These values are consistent with previous experimental measurements that vertical base stacking interactions are typically in the order of the thermal energy [23] and that the stacking intensity between G and C is stronger than that between A and T [13] . The net free energy k B T ln͑tt͒ 2 2jg 0 j required for unzipping a G-C pair is thus estimated to be ͑3.18 3.71͒k B T , while that for unzipping an A-T pair is ͑1.00 1.16͒k B T . We notice that such values are close to the phenomenological parameters E G-C Ӎ 3.0k B T and E A-T Ӎ 1.3k B T chosen by Bockelmann et al. [17] to fit their mechanical measurements.
Such agreements indicate that the present model can quantitatively explain the elastic behavior of designed ssDNA under the action of an external force. At room temperatures, the energetic penalty for the formation of looped structures is so high that complicated multilooped configurations in ssDNA are prohibited and the polymer forms a (single) large hairpin. In biological systems, although many RNA sequences are much more random compared with the sequences studied here, they also have unique native structures. We think such folding processes are governed by the same principle: the polymer chain searches for the configuration which minimizes loop formation and maximizes base pairing and base-pair stacking. Provided all the thermodynamic parameters for pairing and stacking between different nucleotides as well as that for looping are known, we may then be able to predict the secondary structure of a given RNA sequence computationally and analyze its stability quantitatively. Furthermore, the present work indicates a possible way to obtain good estimations for the thermodynamic quantities of nucleotide sequences based on singlemacromolecular mechanic experiments. Although we focused on two specific cases, it should be possible to work on other designed chains. There are altogether only two possible base-pairing patterns and ten base-stacking patterns, so the statistical weights for them may all be precisely determined by a combination of measurements and calculations on a handful of carefully designed polynucleotide sequences. Such a method is anticipated to be superior to conventional bulk solution thermal ways.
Note added.-After this paper was submitted, we noticed the work of Montanari and Mézard [25] , which predicts a continuous hairpin-coil transition in ssDNA. Such a difference with our work can be accounted for if the energetic contribution of base-pair stacking is included in their model [26] .
